Work extraction from the Gibbs ensemble by a cyclic operation is impossible, as represented by the second law of thermodynamics. On the other hand, the eigenstate thermalization hypothesis (ETH) states that just a single energy eigenstate can describe a thermal equilibrium state. Here we attempt to unify these two perspectives and investigate the second law at the level of individual energy eigenstates, by examining the possibility of extracting work from a single energy eigenstate. Specifically, we performed numerical exact diagonalization of a quench protocol of local Hamiltonians and evaluated the number of work-extractable energy eigenstates. We found that it becomes exactly zero in a finite system size, implying that a positive amount of work cannot be extracted from any energy eigenstate, if one or both of the pre-and the post-quench Hamiltonians are non-integrable. We argue that the mechanism behind this numerical observation is based on the ETH for a nonlocal observable. Our result implies that quantum chaos, characterized by non-integrability, leads to a stronger version of the second law than the conventional formulation based on the statistical ensembles.
I. INTRODUCTION
How much work can we extract from an isolated manybody quantum system? This question brings us to the foundation of the second law of thermodynamics [1, 2] . In fact, a standard way of representing the second law is that we cannot extract a positive amount of work by any cyclic process, which is nothing but the impossibility of the perpetual motion of the second kind. Here, cyclic means that the initial and final Hamiltonians are the same. From the viewpoint of quantum statistical mechanics, a quantum state is called passive, if a positive amount of work cannot be extracted from that state by any cyclic process [3, 4] . For example, the Gibbs states are passive, while pure states, except for the ground states, are not passive.
In a slightly different context, thermalization in isolated quantum systems has recently attracted renewed interest [5] [6] [7] [8] . Recent studies have revealed that a thermal equilibrium state can be represented not only by a statistical ensemble such as the Gibbs state, but also by a single energy eigenstate; this is called the eigenstate thermalization hypothesis (ETH) [9] [10] [11] [12] [13] . It has been established that the non-integrability of the Hamiltonian is crucial for the strong version of the ETH, which states that every energy eigenstate is thermal [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . On the other hand, for integrable systems, the strong ETH fails [13] [14] [15] [23] [24] [25] [26] [27] [28] , but only a weaker version of the ETH holds, which states that most of energy eigenstates are thermal [23, 25, 26, [29] [30] [31] .
Motivated by these modern researches of thermalization, the second law for quantum pure states has been discussed recently [31] [32] [33] [34] [35] . However, the aforementioned original question, i.e., the possibility of work extraction from an isolated many-body quantum system [36] [37] [38] [39] [40] , has not been fully addressed in light of the ETH [41, 42] . Since a single energy eigenstate is not passive, any amount of work can be extracted from it, if any cyclic unitary operation is allowed [3, 4] . Therefore, a natural question is whether work extraction is possible or not by physical Hamiltonians with local interactions, and whether that possibility depends on the integrability of the Hamiltonian or not.
In this paper, we investigate work extraction from a single energy eigenstate. By using numerical exact diagonalization, we found that for a quench protocol of local Hamiltonians, one cannot extract a positive amount of work from any energy eigenstate, if one or both of the pre-and the post-quench Hamiltonians are nonintegrable. This is a strong version of the second law, which can be referred to as the "eigenstate" second law and is analogous to the strong ETH. In fact, we argue that this version of the second law follows from the strong ETH of a non-local many-body observable, which itself is nontrivial. On the other hand, if both the pre-and the post-quench Hamiltonians are integrable, this stronger version of the second law fails. To complement our numerical observations, we analytically derive a weaker version of the eigenstate second law, stating that for any unitary operation, one cannot extract a positive amount of work from most of energy eigenstates. This argument is true regardless of the integrability of the Hamiltonian, and is analogous to the weak ETH.
Our results suggest that the second law of thermodynamics is true even at the level of individual energy eigenstates if the system is non-integrable (i.e., quantum chaotic). Our work would serve as a foundation for quantum many-body heat engines, which can be experimentally realized by modern quantum technologies. In fact, our setup would be relevant to a variety of experimental systems, including ultracold atoms and superconducting qubits [43] [44] [45] .
This paper is organized as follows. In Sec. II, we show our main numerical results. In Sec. III, we discuss the relationship between work extraction and the strong ETH of a non-local observable. In Sec. IV, we analytically show a weaker version of the eigenstate second law. In Sec. V, we summarize our results. In Appendix, we provide supplemental numerical results.
II. MAIN RESULTS
In this section, we discuss our setup and the main numerical results.
A. Formulation
We first formulate work extraction from a quantum many-body system by a cyclic operation [3, 4] . We drive the system by the time-dependent Hamiltonian H(t) from t = 0 to t = τ . The corresponding time evolution is represented by the unitary operator U = T exp −i τ 0 H(t)dt , where T is the time-ordering operator. We assume that the initial and the final Hamiltonians are the same:
The average work extraction from the state ρ during this protocol is
We focus on work extraction from a single energy eigenstate of H I . Since an energy eigenstate is not passive, W can be positive for some unitary operations. Given that, in the following, we focus on whether we can extract positive work by quench protocols of local Hamiltonians, and numerically investigate the fundamental difference between integrable and non-integrable systems.
B. Model and protocols
As a simple model that we can control integrability, we study the quantum Ising model with a transverse field g, longitudinal field h, nearest-neighbor coupling J, and next nearest-neighbor coupling J ′ . The Hamiltonian is given by
where σ x i , σ z i are the local Pauli operators on the site i, and N is the number of spins. We adopted the periodic boundary condition. This model is integrable when g = 0 or h = J ′ = 0. In non-integrable cases, the level spacing statistics can be well fitted by the Wigner-Dyson distribution (see the Appendix A for N = 18, J = 1,
This model is also known to satisfy the strong ETH in the non-integrable parameter region [18, 22] .
We next describe the quench protocol in our numerical simulation. Let H I be the initial Hamiltonian, and suppose that the system is initially prepared in its eigenstate |j with energy E j . We perform the following work extraction protocol: (i) At initial time t = 0, the longitudinal field and transverse field are suddenly quenched (h I → h Q , g I → g Q ). The post-quench Hamiltonian is denoted by H Q . (ii) The system evolves from time 0 to τ according to the new Hamiltonian H Q . (iii) At time t = τ , we again quench the fields in the backward direction (h Q → h I , g Q → g I ) and restore the Hamiltonian to H I .
The average work extraction from eigenstate |j during this protocol is given by
We then consider the following four cases of the integrability: (a) We note the definition of the inverse temperature of an energy eigenstate. The inverse temperature β j associated with an energy eigenstate |j is defined through the equation E j = u Gibbs (β j ), where u Gibbs (β j ) is the energy density of the Gibbs state at inverse temperature β j . We cannot extract positive work form the Gibbs state with positive inverse temperature β > 0, but can do from that with negative inverse temperature β < 0.
C. Distribution of extracted work
We show our numerical result on the distribution of the extracted work over energy eigenstates. Figure 1 shows W j versus the eigenenergy E j . Overall, the average work tends to be negative (positive) in the positive (negative) temperature region.
Specifically, in the case of (a), (b), and (c), where one or both of Hamiltonians H I and H Q are non-integrable, the distribution of the data points becomes narrower in the horizontal direction from N = 12 to 18. We thus expect that these data points converge to a single smooth curve in the thermodynamic limit N → ∞. This is analogous to the strong ETH [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . On the other hand, in the case of (d), the distribution of the data points is more spread out than the other cases and does not look like convergent to a single curve. This is analogous to the behavior of the ETH in integrable systems [13, 25] .
We also note that in the case of (a), (b), and (c), eigenstates with W j > 0 do not exist in the positive temperature region for N = 18, whereas in the integrable case (d), there are work extractable eigenstates also in the positive temperature region.
To confirm the validity of the above argument more quantitatively, we systematically investigate the number of work-extractable energy eigenstates in the next subsection. 
D. Dependence on size and integrability
We next quantitatively study the system-size dependence of the number of energy eigenstates from which one can extract positive work. We focus on eigenstates at positive finite temperature (β j > 0). In addition, we set a threshold for the inverse temperature, denoted as β s > 0, because the finite-size effect is significant in small β j . The set of energy eigenstates with β j ≥ β s is denoted by M βs := {j : β j ≥ β s }. We denote the number of energy eigenstates in M βs by D βs . Let D U out be the number of eigenstates in M βs from which one can extract work greater than N δ (i.e., D U out := #{j ∈ M βs : W j > N δ} ). We numerically investigate the system-size dependence of the ratio D U out /D βs . Figure 2 shows the system-size dependence of D H I and H Q are integrable. Especially, in the case of (a) and (b), D U out /D βs becomes exactly zero even at finite N , at which eigenstates with W j > 0 completely vanish. This is regarded as a stronger version of the second law at the level of individual energy eigenstates, which is analogous to the strong ETH.
Apparently, D U out /D βs does not seem to be decreasing in the case of (d), where both H I and H Q are integrable. However, as will be shown in inequality (8) , which is applicable to this case, D U out /D βs must decrease at least exponentially. This is because the parameters in inequality (8) in our numerical setup are very small (β s = 0.02/J and δ = 0.001J), and therefore the decay rate is too small to be observed in our numerical result. We note that in the case of (d), D U out /D βs itself increases exponentially with N , because D βs itself increases exponentially. Therefore, D U out does not become exactly zero at finite N , which is analogous to the weak ETH in integrable systems [23, 25, 29, 30] . Table I summarizes whether the stronger version of the second law (i.e., D U out = 0 at finite N ) holds or not in our numerical calculations. In the case of (c), whether this property holds is not very clear from Fig. 2 (c) , due to the limitation of our numerical resource. However, we argue that D U out /D βs = 0 holds at finite N in this case too, 
cases of the integrability. In the case of (c), Fig. 2 does not show D U out /D βs = 0, while it is expected to be true from the ETH argument and the numerical result in Fig. 3 (c from the following discussion and the numerical result in Fig. 3 (c) .
III. EIGENSTATE SECOND LAW FROM THE STRONG ETH
We discuss the physical mechanism of D U out /D βs = 0 on the basis of the strong ETH.
A. Eigenstate second law from the strong ETH We assume that Hamiltonian H I satisfies the strong ETH for observable H I (τ ) := e iHQτ H I e −iHQτ , i.e.,
Here, · · ·
MC
Ej represents the microcanonical average with respect to H I around the energy E j .
Under this assumption, the average work extracted from |j is given by
Meanwhile, the average work from the Gibbs state of H I at the mean energy E j is given by
where we used the strong ETH and the concentration of the energy in the Gibbs state [47] . We thus obtain W j ≃ W Gibbs , and the passivity of the Gibbs state [3, 4] (i.e., W Gibbs ≤ 0) immediately leads to W j 0. Therefore, we conclude that W j 0 for all j in the case of (a), (b), and (c), where the strong ETH holds.
B. Strong ETH for a non-local observable
We numerically confirm the strong ETH (4). We remark that in general H I (τ ) is a non-local observable, which involves products of O(L) local operators. The strong ETH for such a non-local many-body observable has not been fully investigated so far.
We calculate the ETH indicator r j := | j + 1|H I (τ )|j + 1 − j|H I (τ )|j |/N , which was introduced in Ref. [18] . Here, |j is the jth energy eigenstate in the increasing order of E j in the Hilbert space without dividing it into momentum sectors. If the strong ETH holds, all of r j decay exponentially with N . In fact, if there is an athermal eigenstate |j , the corresponding r j does not decay. However, even in such a case, the average of r j decays if the weak ETH holds.
Since we are interested in eigenstates at positive temperature, we remove eigenstates with E j /N > u Gibbs (β = 0). We also remove eigenstates at the edge of the spectrum, because the density of states is too small there. Therefore, we calculated r j for eigenstates satisfying E 0 /2N ≤ E j /N ≤ u Gibbs (β = 0). Figure 3 shows the system-size dependence of the average, the largest, the fifth largest, and the tenth largest values of r j . The average of r j decays exponentially in all the cases, which implies the weak ETH. On the other hand, other values of r j decay only in the case of (a), (b), and (c), where one or both of Hamiltonians H I and H Q are non-integrable. These values do not decay in the case of (d) where both H I and H Q are integrable. Therefore, the strong ETH is valid for the case of (a), (b), and (c), which is consistent with Table I .
We make an analytical argument about a general bound on D U out /D βs .
A. Assumptions and the statement
We consider a quantum many-body system of N spins, and denote the number of energy eigenstates of H I satisfying E j ≤ E by D(E). We then assume that there exists an N -independent positive function σ(u) such that
for any u ∈ [u s − δ, u s ], where u s := u Gibbs (β s ), and o(N ) satisfies o(N )/N → 0 in N → ∞. From the Boltzmann formula [46] , σ(u) is nothing but the entropy density. We also assume that σ ′ (u s ) = β s > 0 and σ ′′ (u s ) < 0. These assumptions are indeed provable in rigorous statistical mechanics if the system is translation invariant and the interaction is local [46, 47] .
In this setup, we can show that for an arbitrary fixed unitary operator U and arbitrary δ > 0, the inequality
holds. We show a derivation in the next subsection. Inequality (8) implies that the ratio of energy eigenstates, from which one can extract macroscopic work, decays at least exponentially with the system size. This bound holds for both integrable and non-integrable systems, as long as the aforementioned assumptions are satisfied. We also remark a similarity between the above argument and the weak ETH, which states that the ratio of athermal eigenstates decays at least exponentially with the system size [23, 29, 30] . Despite this similarity, the logic behind inequality (8) is different from that behind the weak ETH, as seen in the derivation of inequality (8) . (8) is approximately derived as a corollary.
First of all, we define the stochastic work [48] [49] [50] . We perform projective measurements of H I before and after the operation U , which give outcomes E j and E k , respectively. The stochastic work is defined as the difference between the measured energies: w j,k := E j − E k . If the initial density operator is ρ, the joint probability of observing such outcomes is p(j, k) := | k|U |j | 2 j|ρ|j . For a given positive constant δ, the probability that we extract work larger than N δ is given by P (w ≥ N δ) := j,k θ(w j,k − N δ)p(j, k), where θ(·) is the step function, i.e., θ(x) = 0 (x ≤ 0) and θ(x) = 1 (x > 0). Here, P (w ≥ N δ) is the probability of extracting macroscopic work, as N δ is proportional to the system size. For an energy eigenstate, the probability of extracting macroscopic work is
is sufficiently small for a small δ, we cannot extract macroscopic work from the energy eigenstate |j .
We consider the number of energy eigenstates in M βs , from which we can extract macroscopic work by a fixed operation U . We focus on the energy eigenstate |j with which P j (w ≥ N δ) decays exponentially with N . In other words, its energy distribution after the protocol shows the large deviation behavior [51] , and the probability of observing lower energy than the initial state is negligibly small on a macroscopic scale. Then, we denote byD U out the number of energy eigenstates whose P j (w ≥ N δ) is greater than e −N βsδ/2 :
We note that e −N βsδ/2 is negligibly small for large N , which corresponds to the second law as work extraction.
In this setup, we can rigorously prove the following inequality:
The proof of this inequality is as follows. From the definition ofD
We can evaluate the sum in the right-hand side by using the definition of P j (w ≥ N δ) as
where we used j∈M βs | E k |U |E j | 2 ≤ 1 to obtain the fourth line. From the assumption (7), we obtain
Meanwhile, σ ′ (u s ) = β s and σ ′′ (u s ) < 0 imply σ(u s ) > σ(u s − δ) + βδ. Therefore, we have
By combining this inequality and inequality (15), we havẽ
which implies inequality (10) . The definition ofD U out is slightly different from D U out . For the latter, we can only obtain an approximate inequality (8) as follows. If P j (w ≥ N δ) < e −N βsδ/2 , the average work extraction from |j is bounded as
From this inequality, we haveD
C. Work extraction from a general pure state
From inequality (8), we can show that a positive amount of work cannot be extracted from any pure state if it has sufficiently large effective dimensions. We consider a general pure state in the Hilbert space of positive temperature region, i.e., |ψ = j∈M βs c j |j with j∈M βs |c j | 2 = 1. We apply the general work extraction protocol in Sec. IV B to |ψ . The probability of extracting macroscopic work from |ψ is P (w ≥ N δ) = j∈M βs |c j | 2 P j (w ≥ N δ). The Cauchy-Schwartz inequality gives
where we used inequality (10) to obtain the third line and defined the effective dimension D eff := 1/ j∈M βs |c j | 4 [52] . From this inequality, the average work extraction from |ψ is bounded as
where w max is the maximum value of the stochastic work. w max scales at most linearly with N . Therefore, W N δ holds for any unitary operation, if the initial state has sufficiently large effective dimensions: 
V. CONCLUSION
In this paper, we have investigated work extraction from a single energy eigenstate by a specific cyclic operation and clarified the effect of the integrability on work extraction. Our main numerical results are presented in Fig. 2 and Table I .
Roughly speaking, work extraction by our quench protocol is impossible from any energy eigenstate if the system is non-integrable, while it is impossible from most energy eigenstates if the system is integrable. We thus conjecture that the same result would hold for a much broader class of physical work extraction protocols with local and translation invariant Hamiltonians. This is in fact feasible in light of the fact that the strong ETH has been confirmed to be true for a broad class of Hamiltonians [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . If the above conjecture is true, we can conclude that the second law is so universal that it applies at the level of individual energy eigenstates. Further investigation of this conjecture is a future issue.
On the other hand, in many-body localization systems (MBL) without translation invariance [54] [55] [56] , not only the strong ETH but also the weak ETH fails [57, 58] . The possibility of work extraction from such an exotic system is an interesting direction for future investigation. In order to confirm that the parameters chosen in the numerical calculation have sufficient non-integrability, we investigate the level spacing statistics. In particular, we calculated the ratio of adjacent energy gap [59] which is defined as r j := min(∆ j+1 , ∆ j )/ max(∆ j+1 , ∆ j ) . Here, ∆ j := E j+1 − E j is the gap between the eigenenergies, and the eigenenergies are listed in increasing order in each momenta sector. If the system is nonintegrable, r j follows the Wigner-Dyson distribution given by random matrix theory. For the system with time-reversal symmetry, the distribution is well fitted by the Gaussian orthogonal ensemble (GOE), whose explicit form in our formulation is given by [60] :
By numerical exact diagonalization, we obtained the distributions of r j for all the momentum sectors, except for k = 0 and k = π. We denote the average distribution of r j over these momentum sectors by P (r). We consider an indicator of the distance between P (r) and P GOE (r) [61] :
where ∆r is the size of a bin used in our calculation of P (r). This indicator is expected to be small if the system is sufficiently non-integrable. Figure 4 shows α for various h with fixing the other parameters to J = 1,
8 , N = 18. From  Fig. 4 , we find that the difference between P (r) and P GOE is small enough for 2.5 × 10 −2 h 1.5. Therefore, we conclude that our model is sufficiently non-integrable for 2.5 × 10 We consider the dependence of the average work W j on the waiting time τ in the protocol of Fig. 1 . In the following, (a), (b), (c), (d) indicate the four cases of the integrability, as defined in Sec. II . Figure 5 shows the average work per qubit for the full spectrum for various τ . For τ = 10 −1 , W j /N is almost zero for all the cases and takes a non-zero value after τ = 10 −1 . W j /N takes an almost 
Summary
From the above results, we conclude that our statement in the main text is independent of the choice of the parameters: D U out /D βs vanishes at finite N for (a) and (b) and does not vanishes for (d). The case of (c) is marginal, which is again consistent with our argument in the main text.
